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POWERFUL p-GROUPS HAVE NONINNER AUTOMORPHISMS
OF ORDER p AND SOME COHOMOLOGY
ALIREZA ABDOLLAHI
Abstract. In this paper we study the longstanding conjecture of whether
there exists a noninner automorphism of order p for a finite non-abelian p-
group. We prove that if G is a finite non-abelian p-group such that G/Z(G) is
powerful then G has a noninner automorphism of order p leaving either Φ(G) or
Ω1(Z(G)) elementwise fixed. We also recall a connection between the conjec-
ture and a cohomological problem and we give an alternative proof of the latter
result for odd p, by showing that the Tate cohomology Hn(G/N,Z(N)) 6= 0
for all n ≥ 0, where G is a finite p-group, p is odd, G/Z(G) is p-central (i.e.,
elements of order p are central) and N ⊳G with G/N non-cyclic.
1. Introduction and Results
Let p be a prime number and G be a non-abelian finite p-group. A longstand-
ing conjecture asserts that G admits a noninner automorphism of order p (see also
Problem 4.13 of [13]). By a famous result of W. Gaschu¨tz [3], noninner automor-
phisms of G of p-power order exist. M. Deaconescu and G. Silberberg [2] reduced
the verification of the conjecture to the case in which CG(Z(Φ(G))) = Φ(G). H.
Liebeck [8] has shown that finite p-groups of class 2 with p > 2 must have a non-
inner automorphism of order p fixing the Frattini subgroup elementwise. In [1] we
showed the validity of the conjecture when G is nilpotent of class 2. In fact we
proved that for any prime number p, every finite non-abelian p-group G of class 2
has a noninner automorphism of order p leaving either the Frattini subgroup Φ(G)
or Ω1(Z(G)) elementwise fixed.
In Section 2 of this paper, we give some classes of p-groups G for which the conjec-
ture holds. We prove the validity of the conjecture whenever G/Z(G) is powerful,
or of coclass 1 or G is 2-generated and nilpotent of class 2 with non-cyclic center
(see Theorems 2.9 and 2.6 and Corollary 2.4, below).
Therefore, on the negative side, if the conjecture had a counter-example, it would
not be a p-group of types above. On the positive side, we may mention nothing
expect of only stating our intuition which seem very optimistic: from a result of
Mann and Lubotzky [10] one knows that any finite p-group G has a characteristic
powerful subgroupM whose index is bounded by a function of the rank of G and p;
so maybe, one can prove the validity of the conjecture by an appropriate induction
argument on the rank of G and/or finding a way to lift a noninner automorphism
of order p of M to one of G.
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The proof of Gaschu¨tz’s result [3] relies on a cohomological property of finite
p-groups. This may suggest that the cohomological tools may be still useful to
attack on the conjecture. On the other hand, by using Deaconescu and Silberberg’s
result and a cohomological property of regular p-groups proved by P. Schmid [12],
the validity of the conjecture is shown for regular p-groups. The question of which
other classes of finite p-groups have the same cohomological property not only has
its own interest and is asked in [12] but also having proved the cohomological prop-
erty like regular p-groups, it may be hoped (by the following means) to prove the
conjecture. So we are also motivated to study the latter question in Section 3. We
explain the cohomological property of regular p-groups and its connection with the
conjecture.
We first recall some definitions and results concerning Tate cohomology of groups.
Let Q and A be finite groups where A is abelian. If Q acts on A (from the right)
as a group, then A can be viewed as a (right) Q-module. We denote by AQ the
submodule {a ∈ A | ax = a for all x ∈ Q} of fixed points under Q. The trace
map a 7→ a
∑
x∈Q
x of A is written τ = τQ, and its image will be denoted by A
τ . In
dealing with Tate cohomology, by dimension-shifting it is often enough to consider
the situation in dimension 0. Recall that H0(Q,A) = AQ/A
τ . If Q and A are p-
groups, by a theorem of Gaschu¨tz and Uchida A is cohomologically trivial provided
the Tate cohomology Hn(Q,A) = 0 for just one integer n ≥ 0 (cf. [4, p. 110]).
Let G be a group and N a normal subgroup of G. Then G/N may act on Z(N) as
follows: agN = ag for all a ∈ Z(N) and g ∈ G. Thus Z(N) is a G/N -module via
this action. The group of all crossed homomorphisms of G/N to Z(N) is denoted
by Z1(G/N,Z(N)) and B1(G/N,Z(N)) is the subgroup of all principal crossed
homomorphisms.
In [12], P. Schmid proved that if G is a regular p-group and N ⊳G such that G/N
is not cyclic then the Tate cohomology Hn(G/N,Z(N)) 6= 0 for all n. He then
conjectured that
Conjecture 1.1. LetG be a finite non-regular p-group. ThenHn
(
G
Φ(G) , Z(Φ(G))
)
6=
0 for all integer n.
The following question which naturally arises from the work of Schmid will be
studied in Section 3.
Question 1.2. For which finite p-groups G and which normal subgroups N of G
we have Hn
(
G
N , Z(N)
)
6= 0 for all integers n.
A relation between non-triviality of Tate cohomology Hn(G/N,Z(N)) and the
existence of noninner automorphisms of order p in Aut(G) is behind the using of
the following well-known result and its corollary.
Proposition 1.3. (see e.g., [11, Result 1.1]) Suppose that N is a normal sub-
group of a group G. Then there is a natural isomorphism ϕ : Z1
(
G
N , Z(N)
)
→
CAut(G)(N ;G/N) given by g
ϕ(f) = g
(
gN
)f
for g ∈ G, f ∈ Z1
(
G
N , Z(N)
)
. The
image of B1
(
G
N , Z(N)
)
under ϕ is the group of inner automorphisms of G induced
by Z(N).
Here CAut(G)(N ;G/N) denotes all automorphisms α of G such that x
α = x for
all x ∈ N and g−1gα ∈ N for all g ∈ G.
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Proposition 1.4. (Corollary 1.2 of [11]) Assume that N is a normal subgroup of a
group G such that CG(N) = Z(N) andH
1(G/N,Z(N)) 6= 0. Then CAut(G)(N ;G/N)
is not contained in Inn(G)
So, for applying Proposition 1.4, we need to have a normal subgroup N⊳G such
that
(1) H1(G/N,Z(N)) 6= 0 and (2) CG(N) = Z(N).
By Deaconescu and Silberberg’s result [2], Φ(G) satisfies the condition (2) and so
we should verify (1). Of course non-triviality of H1(G/N,Z(N)) is only a sufficient
condition to have a noninner p-automorphism (not necessarily of order p) and it is
not sufficient for our purpose. Therefore according to Propositions 1.3 and 1.4, the
condition
(3) Ω1
(
Z1(
G
N
,Z(N))
)
6⊆ B1(
G
N
,Z(N))
with together conditions (1) and (2) are sufficient to have a non-inner automor-
phism of order p leaving both N and G/N elementwise fixed. A condition which
implies (3) is the being elementary abelian of Z1(G/N,Z(N)). This is proved for
regular p-groups G in [12] whenever N = Φ(G).
In Section 3, we give classes of p-groups satisfying Schmid’s cohomological con-
clusion requested in Question 1.2. In particular we prove p-groups of class 2 and
for p-groups of class 3 whenever p > 2 satisfy this cohomological property (see The-
orem 3.6, below). By using this result, we give an alternative proof for the validity
of the conjecture for p-groups (p odd) with a powerful central factor.
Throughout p always denotes a prime number. For a finite groupG, we denote by
d(G), Z(G), G′, Φ(G), Aut(G) and Inn(G), the minimum number of generators, the
center, the derived subgroup, the Frattini subgroup, the automorphism group, the
inner automorphism group of G, respectively. If G is a p-group, Ω1(G) denotes the
subgroup generated by elements of order p. For two groups G and H , Hom(G,H)
denotes the set of group homomorphisms from G to H . If H is abelian Hom(G,H)
has a group structure with pointwise multiplication. The unexplained notation is
standard and follows that of Gorenstein [5].
2. Finite p-groups without noninner automorphism of order p and the
existence of noninner automorphism of order p in powerful p-groups
Let G be a group and A be a normal abelian subgroup of G. Then it is easy to
see that the set [A, x] = {[a, x] | a ∈ A} is a subgroup of A for any element x ∈ G.
Lemmas 2.1, 2.2 and Corollary 2.3 may be well-known, but we could not find them
as the following forms in the published literatures.
Lemma 2.1. Let G be a finite p-group such that G has no noninner automorphism
of order p leaving Φ(G) elementwise fixed. Then Ω1(Z(G)) ≤ [Z(M), g] for every
maximal subgroup M and every g ∈ G\M . In particular Ω1(Z(G)) ≤ G
′.
Proof. By the main result of [2], we have Φ(G) = CG(Z(Φ(G))) and so in particular
Z(G) ≤ Φ(G). Take a maximal subgroup M of G and g ∈ G\M . Suppose, for
a contradiction, that there exists an element z ∈ Ω1(Z(G))\[Z(M), g]. Note that
z ∈ M , as Z(G) ≤ Φ(G). It is now easy to see that the map α on G defined by
(mgi)α = mgizi for allm ∈M and integers i, is an automorphism of order p leaving
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M elementwise fixed. If α is inner, then there exists h ∈ G such that mh = m for
all m ∈ M and z = [h, g]. Since G = M〈g〉, h = m′gi for some i ∈ {0, . . . , p − 1}.
As h ∈ CG(M), we have [m
′,m′gi] = 1 which implies that [m′, gi] = 1. On the
other hand, [m′gi, g] = z and so [m′, g] = z, as z is central. Now it follows from
[m′, gi] = 1 that [m′, g]i = 1 and so zi = 1. Thus i = 0 as o(z) = p. Therefore
h = m′ ∈ Z(M) and so z ∈ [Z(M), g], a contradiction. Therefore α is noninner,
again a contradiction. This completes the proof. 
Lemma 2.2. Let G be a finite p-group such that G has no noninner automorphism
of order p leaving Φ(G) elementwise fixed. Then
Ω1(Z(Inn(G))) ∼= Ω1
(Z2(G)
Z(G)
)
∼= Ω1(Z(G))× · · · × Ω1(Z(G))︸ ︷︷ ︸
d(G)−times
.
Proof. Let C be the group of all automorphisms φ ofG such that x−1xφ ∈ Ω1(Z(G))
and tφ = t for all x ∈ G and t ∈ Ω1(Z(G)). As Ω1(Z(G)) is a characteristic
subgroup of G, C is a normal subgroup of Aut(G). Note that every such auto-
morphism φ leaves Φ(G) elementwise fixed: for, as φ is a central automorphism
of G, it fixes G′ elementwise; and since x−1xφ is a central element of order at
most p, 1 = (x−1xφ)p = x−p(xp)φ. Thus φ fixes Gp elementwise. Hence φ leaves
Φ(G) = G′Gp elementwise fixed. Now the map ψ from
T := Hom
( G
Ω1(Z(G))
,Ω1(Z(G))
)
to C defined by gψ(f) = g
(
gΩ1(Z(G))
)f
for all f ∈ T and g ∈ G is a group
isomorphism. The abelian group T is isomorphic to
Ω1(Z(G))× · · · × Ω1(Z(G))︸ ︷︷ ︸
d′−times
,
where d′ is the rank of GΩ1(Z(G))G′ . By Lemma 2.1, Ω1(Z(G)) ≤ G
′ ≤ Φ(G),
and from which it follows that d′ = d(G). Thus C is an elementary abelian p-
group of Aut(G) and so by hypothesis, C ≤ Inn(G) which implies that C ≤
Ω1(Z(Inn(G))). Now let ρg be the inner automorphism of G induced by g such
that ρg ∈ Ω1(Z(Inn(G))). Thus g
p ∈ Z(G) and xgh = xhg for all x, h ∈ G. It
follows easily from these relations that ρg ∈ C. Hence C = Ω1(Z(Inn(G))). This
completes the proof. 
The contents of the following result must be well known.
Corollary 2.3. Let G be a finite p-group such that G has no noninner automor-
phism of order p leaving Φ(G) elementwise fixed. Then d(Z2(G)Z(G) ) = d(Z(G)) · d(G).
Proof. Note that for a finite abelian p-group A, we have d(A) = d(Ω1(A)). Now
the proof follows from Lemma 2.2. 
A finite p-group G of order pn, n > 2, is called of coclass c whenever G is
nilpotent of class n− c.
Corollary 2.4. Let G be a finite non-abelian p-group of coclass 1. Then G has a
noninner automorphism of order p leaving Φ(G) elementwise fixed.
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Proof. Since G is of maximal class, we have that |Z2(G)/Z(G)| = p and d(G) = 2.
Now Corollary 2.3 completes the result. 
Theorem 2.5. Let G be a finite non-abelian p-group of coclass c. If G has no
noninner automorphism of order p leaving Φ(G) elementwise fixed, then
d(Z(G))(d(G) + 1) ≤ c+ 1.
Proof. Let d = d(G), ℓ = d(Z(G)) and |G| = pn. By Lemma 2.2, |Z2(G)/Z(G)| ≥
pℓd. Since G is of coclass c and |G/Zn−c−1(G)| ≥ p
2,
pℓ · pℓd · pn−c−3 · p2 ≤ |Z(G)||Z2(G)/Z(G)| · · · |G/Zn−c−1(G)| = p
n.
Thus pℓ+dℓ+n−c−3+2 ≤ pn and so ℓ(d+ 1) ≤ c+ 1. This completes the proof. 
A p-group G is called p-central whenever Ω1(G) = Ω1(Z(G)).
Theorem 2.6. Let G be a non-abelian finite p-group such that G/Z(G) is powerful.
If either p > 2 or Z(G) is not cyclic then Aut(G) contains a noninner automor-
phism of order p leaving Φ(G) elementwise fixed; and if p = 2, Aut(G) contains a
noninner automorphism of order 2 leaving either Φ(G) or Ω1(Z(G)) elementwise
fixed. There is a powerful 2-group G of class 2 such that the only automorphisms
of order 2 leaving Φ(G) elementwise fixed are inner automorphisms of G.
Proof. Suppose first that Aut(G) contains no noninner automorphism of order p
leaving Φ(G) elementwise fixed. By [2, Theorem], we may assume that Φ(G) =
CG(Z(Φ(G))). If d(G) = d, then d(G/Z(G)) ≤ d and it follows from [10, 1.12
and 4.2.2] that d(Z(G/Z(G))) ≤ d. Now Corollary 2.3 implies that d(Z
(
G
Z(G)
)
) ≥
d(Z(G))d. This completes the proof whenever Z(G) is non-cyclic. Thus, from now
on, we further assume that Z(G) is cyclic and d(Z(G/Z(G))) = d. Now we show
that G = G/Z(G) is p-central. Let x be an element of order p in G. If x 6∈ Z(G),
then d(〈x, Z(G)〉) = d + 1, a contradiction, as d(〈x, Z(G)〉) ≤ d by [10, 1.12 and
4.2.2]. It follows that Ω1(G) = Ω1(Z(G)).
Let H be the subgroup of G such that H/Z(G) = Ω1(Z2(G)/Z(G)). Clearly
H ≤ Z2(G) and H/Z(G) is an elementary abelian group of rank d and since G
is non-abelian, d ≥ 2. Also [H,G] ≤ Ω1(Z(G)) and CG(h) is a maximal subgroup
of G for all h ∈ H \ Z(G): for the map x 7→ [h, x] is a group homomorphism from
G onto the cyclic group Ω1(Z(G)) of order p with the kernel CG(h).
We now show the conclusion for p > 2. We need to prove the following:
(*) There exist h ∈ H \ Z(G) and x ∈ G \ CG(h) such that h
p = 1 and
(xh)p = xp.
Since d ≥ 2, there are a, b ∈ H \ Z(G) such that abk, akb ∈ H \ Z(G) for all
integers k. As ap, bp ∈ Z(G) and Z(G) is cyclic, ap = bps or aps = bp for some
integer s. Assume, without loss of generality, that ap = bps. Now as [a, b−s] ∈ Z(G),
ap ∈ Z(G) and p is assumed to be odd, we may write
(ab−s)p = apb−ps[b−s, a](
p
2) = [b−s, ap]
p−1
2 = 1.
Thus we have proved that if p > 2, there is h ∈ H \ Z(G) such that hp = 1. Let x
be any element of G \ CG(h). Since [h, x] ∈ Z(G) and h
p = 1 we have
(xh)p = xphp[h, x](
p
2) = xp[hp, x]
(p−1)
2 = xp.
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This completes the proof of (*).
Now by (*), it is easy to check that the map β on G defined by (uxi)β = u(xh)i for
all u ∈ CG(h) and all integers i, defines an automorphism of order p which leaves
Φ(G) elementwise fixed. If β were inner, then β would be conjugation by some
element y ∈ G \ Z2(G) with y
p ∈ Z(G). Since G/Z(G) is p-central, it follows that
y ∈ Z2(G), which is impossible. This completes the proof for the case p > 2.
From now on, we assume that p = 2 and we suppose, for a contradiction,
that Aut(G) contains no noninner automorphism of order p leaving either Φ(G)
or Ω1(Z(G)) elementwise fixed. Note that Ω1(Z(G)) has only one non-trivial ele-
ment z.
First suppose that H is non-abelian. Then there are a, b ∈ H \ Z(G) such that
z = [a, b]. Let K = 〈a, b〉. Note that [H,G] = 〈[a, b]〉 = K ′. Now by an argument
similar to [1, Remark 2.2], we have that G = KCG(K). We give it here for the
reader’s convenience: for any x ∈ G, we have [a, x] = [a, b]s and [b, x] = [a, b]t
for some integers s, t. Then [a, b−satx] = 1 and [b, b−satx] = 1. Hence b−satx ∈
CG(〈a, b〉) and so G = 〈a, b〉CG(〈a, b〉). Note that Z(K) = 〈[a, b], a
2, b2〉 = Φ(K).
Now it follows from [2, Theorem] that K has a noninner automorphism of order
2 leaving Z(K) elementwise fixed. Now by [1, Remark 2.5], we have that G has a
noninner automorphism of order 2 leaving Z(G) elementwise fixed, a contradiction.
Hence, we may assume that H is abelian. Since Z(G) is cyclic and H/Z(G) is
elementary abelian of rank d, one of the following may happen:
(1) H = 〈h1〉 × · · · × 〈hd〉 × 〈hd+1〉, where h1, . . . , hd are all of order 2 and
Z(G) = 〈hd+1〉.
(2) H = 〈h1〉 × · · · × 〈hd−1〉 × 〈hd〉, where h1, . . . , hd−1 are all of order 2 and
Z(G) = 〈h2d〉.
First suppose that CG(hi) 6= CG(hj) for some i and j such that i, j ≤ d in the case
(1) and d ≥ 3 and i, j ≤ d−1 in the case (2). Since CG(hi) and CG(hj) are maximal
subgroups ofG, there exist elements xi ∈ CG(hi)\CG(hj) and xj ∈ CG(hj)\CG(hi).
Thus [xi, hj ] = [xj , hi] = z and G/CG(hi, hj) ∼= C2 × C2. Now it is easy to see
that the map φ on G defined by (uxℓix
k
j )
φ = u(xihi)
ℓ(xjhj)
k for all u ∈ CG(hi, hj)
and all integers ℓ, k is an automorphism of order 2 leaving Φ(G) elementwise fixed.
If φ were inner, we would have an element g ∈ G \ H with g2 ∈ Z(G), which is
impossible as G/Z(G) is 2-central.
Therefore, we may further assume that in the case (1): CG(h1) = · · · = CG(hd)
and in the case (2): CG(h1) = · · · = CG(hd−1). Now we prove that the case (1)
does not happen and in the case (2) we should have d = 2. Suppose not. Then
M = CG(h1) = CG(h2) is a maximal subgroup of G and h1, h2, h1h2 ∈ H \ Z(G)
are all of order 2. Let x be any element of G \M . Then [x, h1] = [x, h2] = z and
so [x, h1h2] = 1 and so (xh1h2)
2 = x2. It follows that the map α on G defined by
(uxi)α = u(xh1h2)
i for all u ∈ M and all integers i, is an automorphism of G of
order 2 leaving Φ(G) elementwise fixed. If α were inner, we would have an element
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g ∈ G \H with g2 ∈ Z(G), a contradiction.
Thus it remains to settle the case (2) for d = 2; i.e., H = 〈h1〉 × 〈h2〉, where
h21 = 1 and Z(G) = 〈h
2
2〉. Now we prove that G is also powerful. For this, it is
sufficient to show Z(G) ≤ G4, since G′Z(G) ≤ G4Z(G) as G/Z(G) is powerful.
Note that since [h2, x
2] = 1 for all x ∈ G, we have h2 ∈ CG(Φ(G)) = Z(Φ(G)).
Hence h2Z(G) ∈ Φ(G)/Z(G) = {a
2Z(G) | a ∈ G}, since G/Z(G) is powerful. Thus
h2 = a
2h2s2 for some integer s and so h2 = a
2k for some integer k. Therefore
Z(G) = 〈h22〉 = 〈a
4k〉 ≤ G4. Hence G is a non-abelian powerful 2-group of rank 2.
Hence G is a non-abelian ordinary metacyclic 2-group [10] and so it follows from
([7] or [6]) that G has a presentation as following:
〈a, b | a2
r
= b2
s
, b2
s+t
= 1, ba = b2
u+1〉,
for some integers r ≥ s ≥ u ≥ 2 and u ≥ t ≥ 0. It follows from [6, Corollary 4.5
and Lemma 2.1] that Z(G) = 〈a2
s+t−u
, b2
s+t−u
〉, G/G′ ∼= C2r × C2u , |G| = 2
r+s+t,
exp(G) = 2r+t = o(a) and o(b) = 2s+t. Since Z(G) is cyclic and o(a) ≥ o(b), it
follows that b2
s+t−u
∈ 〈a〉 ∩ 〈b〉. If u > t, then |〈a〉 ∩ 〈b〉| ≥ 2t+1 and so
2r+s+t = |G| =
|〈a〉||〈b〉|
|〈a〉 ∩ 〈b〉|
≤ 2r+s+t−1,
a contradiction. Thus u = t ≥ 2 and G has the following presentation:
〈a, b | a2
r
= b2
s
, b2
s+t
= 1, ba = b2
t+1〉, for some integers r ≥ s ≥ t ≥ 2.
If t = s, then G′ ≤ Z(G) and it follows from [1] that G has a non-inner automor-
phism of order 2 leaving Ω1(Z(G)) elementwise fixed.
Now suppose that s > t. Thus b2
s−1
∈ G′ and so h = b2
s−1
a−2
r−1
6∈ G′ since
exp(G/G′) = 2r, and by a2
r
= b2
s
we have that h = b2
s−1
a−2
r−1
is of order 2 so
that h ∈ H = 〈g ∈ Z2(G) | g
2 ∈ Z(G)〉.
If r > s, then we further have [b, h] = 1. Now it is easy to check (by using the
latter presentation of G) that the map α on G defined by (aibj)α = (ah)ibj for
all integers i, j, is a non-inner automorphism of order 2 leaving elementwise fixed
〈b〉 ≥ Ω1(Z(G)).
If r = s, then [a, h] = [b, h] is of order 2. It is now easy to check that the map
δ on G defined by (aibj)δ = (ah)i(bh)j for all integers i, j, is a non-inner automor-
phism of order 2 leaving elementwise fixed Ω1(Z(G)). This completes the proof for
the case p = 2.
H. Liebeck [8, p. 272, Example] considered the group G with the following
presentation
〈a, b | a4 = [a, b, a] = 1, b8 = [a, b]〉.
The group G is of class 2 and since G′ = 〈[a, b]〉 ≤ 〈b〉8 ≤ G4, G is a powerful 2-
group. As Liebeck observed the only automorphisms of G leaving Φ(G) elementwise
fixed and having order 2 are of the form σ, where aσ = av2r, bσ = bv2s (r = 0, 1;
s = 0, 1), v = [a, b]. These are all inner automorphisms. The group constructed by
Liebeck is of order 128. The following is a powerful 2-group of order 64 and class 2
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such that every automorphism of order 2 leaving the Frattini subgroup elementwise
fixed is an inner automorphism.
〈a, b | a4 = b4, b16 = 1, b4 = [b, a]〉.
We leave the proof of the latter assertion to the reader. 
Remark 2.7. Regarding the proof of Theorem 2.6, case p = 2, one of the referees,
who I am really grateful to him/her for his/her ideas, has given the following
argument to clarify some points of the proof:
The subgroup H is the inverse image in G of Ω1(Z2(G)/Z(G)). At this point in
the proof, we have shown that Z(G) is cyclic and that, letting z ∈ Z(G) of order 2,
H/Z(G) is isomorphic with Hom(G/Φ(G), 〈z〉); if G/Φ(G) is regarded as a GF (p)-
vector space V , then H/Z(G) is isomorphic to V ∗ (the dual space of V ). Having
shown that H is abelian, one might let Ω1(H) = 〈z〉 ×D, to see that in our case
(1), CG(D) = Φ(G), and in the case (2), |CG(D) : Φ(G)| = 2 and that, indeed,
CG(hi) 6= CG(hj) whenever 1 ≤ i ≤ j ≤ d. Hence (arguing as we did), case (1)
is out and, in the case (2), we know that d = 2. Having shown that G must be
itself powerful, hence ordinary metacyclic, we now invest some effort into proving
the existence of an involution contained in Z2(G) \ Z(G); this seems to be a bit
roundabout, since we already have got such an involution in the shape of h1. One
might argue like the following (this is much the same thing we did only shorter,
and, in some sense, more transparent):
As G is known to be ordinary metacyclic, so G has a normal subgroup 〈b〉 such that
G = 〈b〉〈a〉 for some a ∈ G and G′ = 〈[a, b]〉 ≤ 〈b4〉; in particular, o(〈b〉G′) ≥ 4.
Furthermore, z is the only involution in G′, so h1 /∈ G
′. If G/G′ = 〈c1G
′〉 × 〈c2G
′〉
with o(c1G
′) ≥ 4 ≤ o(c2G
′), then, letting [ci, h1] = z
ǫi, i = 1, 2, ǫi ∈ {0, 1}, there
is α ∈ Aut(G) of order 2 given by cαi = cih
ǫi
1 , i = 1, 2. As h1 /∈ G
′, α is not
inner. The only remaining possibility is that, say, o(c2G
′) = 2. Now b /∈ Φ(G)
and o(bG′) ≥ 4, so, without loss of generality, c1 = b and c2 = a. In particular,
a2 ∈ G′ ≤ 〈b4〉, and, as G is ordinary metacyclic, we may take o(a) = 2; i.e. it
turns out that, in this case, actually a = h1 (and, of course, cl(G) = 2). One might
use [1], or else point out that the automorphism α mapping b to ba (= bh1) and a
to a, will do.
Lemma 2.8. Let G be a finite nilpotent 2-generated group of class 2. Then
d(Z(G)) ≤ 3.
Proof. Suppose that G = 〈a, b〉 and let x ∈ Z(G). Since G is nilpotent of class 2,
x = aibj [a, b]k for some integers i, j, k. As G′ ≤ Z(G), [aibj , a] = [aibj , b] = 1. It
follows that [a, b]i = [a, b]j = 1 and so |[a, b]| = k divides both i and j. This implies
that Z(G) = 〈ak, bk, [a, b]〉 and so d(Z(G)) ≤ 3. 
Theorem 2.9. Let G be a finite p-group of class 3. If G/Z(G) is 2-generated
and Z(G) is not cyclic, then Aut(G) contains a noninner automorphism of order p
leaving Φ(G) elementwise fixed.
Proof. Suppose, for a contradiction that, the conclusion is false. Then by Corollary
2.3, the minimum number of generators of Z := Z( GZ(G) ) is 4. On the other hand,
by Lemma 2.8, d(Z) ≤ 3, a contradiction. This completes the proof. 
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3. Cohomologically trivial modules and noninner p-automorphisms of
finite p-groups
In this section we prove non-triviality of Tate cohomology
Hn(G/N,Z(N)) for all n,
for certain p-groups G and normal subgroups N ⊳G.
As we mentioned in Section 1, in [11], Schmid proved that if G is a regular p-group
and N a nontrivial normal subgroup of G, then Hn(Q,Z(N)) 6= 0 for all n and all
non-cyclic Q = G/N . Here we prove the same cohomological property for certain
classes of groups. We first need the following result concerning cohomologically
trivial groups.
Lemma 3.1. Let p be an odd prime and G be a finite p-group such that G/Z(G) is
p-central. Suppose that A is a normal abelian subgroup of G, a ∈ A and g ∈ G such
that gp ∈ CG(A). If p > 3 then a
gp−1+···+g+1 = ap and if p = 3 then ag
2+g+1 = a3z
for some central element z of G.
Proof. Let H = 〈A, g〉. We have [a, gp] = 1 and so (gaZ(G))p = (gZ(G))p for all
a ∈ A. Now as G/Z(G) is p-central, we have [ga, g] ∈ Z(G) (see e.g. [9, Theorem
5]). Now it follows from the Hall-Petrescu formula that
(g−1ga)p = g−p(gp)a[ga, g−1](
p
2)[ga, g−1, g−1](
p
3) · · · [ga,p−1 g
−1].
Since p ≥ 3, gp = (gp)a and [ga, g−1] ∈ Z(G) , we can write
(g−1ga)p = ([ga, g−1]p)(p−1)/2 = [(gp)a, g−1](p−1)/2 = [gp, g−1](p−1)/2 = 1.
Therefore [g, a]p = 1 for all a ∈ A and so the derived subgroup H ′ of H is of
exponent dividing p. Now by the Hall-Petrescu formula we have
ag
p−1+···+g+1 = ap[a, g](
p
2)[a,2 g]
(p3) · · · [a,p−1 g].
Since exp(H ′) divides p, [a,i g]
( pi+1) = 1 for all i ∈ {1, . . . , p − 2} and as [ga, g] ∈
Z(G), we have [a,2 g] ∈ Z(G) and if p > 3, [a,p−1 g] = 1. This completes the
proof. 
Lemma 3.2. Let p be an odd prime and G be a finite p-group of class at most
3. Suppose that A is a normal abelian subgroup of G, a ∈ A and g ∈ G such that
gp ∈ CG(A). Then a
gp−1+···+g+1 = apz for some central element z of G.
Proof. Let H = 〈A, g〉. We have [a, gp] = 1 for all a ∈ A. Now by the Hall-Petrescu
formula we have
(g−1ga)p = g−p(gp)a[ga, g−1](
p
2)[ga, g−1, g−1](
p
3) · · · [ga,p−1 g
−1].
Since gp = (gp)a, p ≥ 3 and [ga, g−1] ∈ Z(G), we can write
(g−1ga)p = ([ga, g−1]p)(p−1)/2 = [(gp)a, g−1](p−1)/2 = [gp, g−1](p−1)/2 = 1.
Therefore [g, a]p = 1 for all a ∈ A and so the derived subgroup H ′ of H is of
exponent dividing p. Now by the Hall-Petrescu formula we have
ag
p−1+···+g+1 = ap[a, g](
p
2)[a,2 g](
p
3) · · · [a,p−1 g].
Since exp(H ′) divides p, [a,i g]
( pi+1) = 1 for all i ∈ {1, . . . , p − 2} and as [ga, g] ∈
Z(G), we have [a,2 g] ∈ Z(G). This completes the proof. 
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Lemma 3.3. Let G be a finite 2-group of class at most 3. Suppose that A is a
normal abelian subgroup of G, a ∈ A and x, y ∈ G such that x2, y2, (xy)2 ∈ CG(A).
Then axy+y+x+1 = a4z for some central element z of G.
Proof. We may write
axy+x+y+1 =
a4[a, xy][a, x][a, y] =
a4[a, y][a, x]y[a, x][a, y] =
a4[a, x]2[a, y]2[a, x, y].
On the other hand, for an element g ∈ G such that g2 ∈ CG(A), we have
1 = [a, g2] = [a, g]g[a, g] = [a, g]2[a, g, g],
and so [a, g]2 = [a, g, g]−1 ∈ Z(G) as G is of class 3. Hence, it follows from (∗) that
axy+x+y+1 = a4z for the central element z = [a, x]2[a, y]2[a, x, y]. This completes
the proof. 
Lemma 3.4. Let G be a finite p-group of class at most 2. Then for all x, y ∈ G
and n ∈ N, there exists z ∈ Z(G) such that yx
n−1+···+x+1 = ynz.
Proof. It is straightforward as we have the identity
(xy)n = xnyn[y, x]n(n−1)/2
in a nilpotent group of class at most 2. 
Proposition 3.5. (Proposition 1 of [12]) Suppose that A 6= 0 is a cohomologically
trivial Q-module where A and Q are finite p-groups. Then for every subgroup H of
Q, the centralizer CQ(AH) = H.
Theorem 3.6. Let G be a finite p-group and N be a non-trivial normal subgroup
of G such that G/N is not cyclic. Suppose that one of the following holds:
(1) p > 2 and G/Z(G) is either nilpotent of class at most 2 or p-central;
(2) G is nilpotent of class at most 2.
Then, in any case we have Hn(GN , Z(N)) 6= 0 for all n ≥ 0.
Proof. The proof follows from the lines of the proof of the Theorem in [12] but
instead of using [12, Proposition 2] in the proof, one may use Lemmas 3.1, 3.2, 3.4.
We give the proof for the reader’s convenience.
Suppose, for a contradiction, that Hn(G/N,Z(N)) = 0 for some n ≥ 0. Let
H/N be a subgroup of G/N of order p. By Gaschu¨tz and Uchida’s result, we
have H0(H/N,A) = 0 where A = Z(N). Thus AH
N
= A
τH
N . Now it follows from
Lemmas 3.1, 3.2 or 3.4 that there exist elements za ∈ Z(G) (a ∈ A) such that
A
τH
N = {apza | a ∈ A}. Now since za ∈ Z(G), we have that
CG
N
(A
τH
N ) = CG
N
(Ap).
Thus by Proposition 3.5 we have that HN = CGN
(Ap). As the right hand side of
the latter equality is independent from the choice of H/N , we have that G/N has
a unique subgroup of order p. Therefore G/N is cyclic or generalized quaternion
and so in the case (1), we are done. Thus we are left with the case (2) and we may
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assume further that G/N is a generalized quaternion group. In this case as G is
nilpotent of class at most 2, we have that G/N is the quaternion group of order
8. Now it follows from Lemma 3.4 and a similar argument as above that G/N has
only one cyclic subgroup of order 4, a contradiction. This completes the proof. 
Let us finish by an alternative proof of Theorem 2.6 for the case p > 2 in which
we use Theorem 3.6. Before that, we need the following lemma, however it has its
own interest, one can see the extra amounts of works in respect to the more quick
and straightforward proof of the first part of Theorem 2.6.
Lemma 3.7. Let p > 2 and G be a finite p-group such that G/Z(G) is p-central.
Then Z1( GΦ(G) , Z(Φ(G))) is an elementary abelian p-group.
Proof. Let f ∈ Z1( GΦ(G) , Z(Φ(G))) and x¯ = xΦ(G) for x ∈ G. We have to prove
that x¯f
p
= 1. We have a = x¯f ∈ Z(Φ(G)). Since xp ∈ Φ(G), (x¯p)f = 1 and so
ax
p−1+···+x+1 = 1 which is equivalent to the equality (xa)p = xp. Thus [xa, x] ∈
Z(G) by [9, Theorem 5]. Hence [x, a] ∈ Z(G) and so (xa)p = xpap[a, x]p(p−1)/2.
On the other hand [(xa)p, x] = [xp, x] = 1 and as [xa, x] ∈ Z(G), it follows that
[xa, x]p = 1. Thus (xa)p = xpap and so ax
p−1+···+x+1 = ap = 1. This completes
the proof. 
Second Proof of part 1 of Theorem 2.6 for odd p. Suppose, for a contra-
diction, that G has no noninner automorphism of order p leaving Φ(G). By an
easy argument given in the first part of of the proof of Theorem 2.6, we have that
G/Z(G) is p-central. By [2] we may further assume that Φ(G) = CG(Z(Φ(G)))
which implies Z(Φ(G)) = CG(Φ(G)). Now taking N = Φ(G) in Theorem 3.6, we
find that H1( GΦ(G) , Z(Φ(G))) 6= 0. By Lemma 3.7, Z
1
(
G
Φ(G) , Z(Φ(G))
)
is an ele-
mentary abelian p-group and so it follows from [11, Result 1.1 and Corollary 1.2]
that G has a noninner automorphism of order p leaving Φ(G) elementwise fixed, a
contradiction. This completes the proof. 
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